Abstract. For a given ideal I of a Noetherian ring R and an arbitrary integer k ≥ −1, we apply the concept of k-regular sequences and the notion of k-depth to give some results on modules called k-Cohen Macaulay modules, which in local case, is exactly the k-modules (as a generalization of f-modules). Meanwhile, we give an expression of local cohomology with respect to any k-regular sequence in I, in a particular case. We prove that the dimension of homology modules of the Koszul complex with respect to any k-regular sequence is at most k. Therefore homology modules of the Koszul complex with respect to any filter regular sequence has finite length.
Introduction
Throughout this paper, R denotes a commutative Noetherian ring with nonzero identity, I denotes an arbitrary ideal, M denotes a finitely generated Rmodule, and k ≥ −1 an arbitrary integer. The notion of k-regular sequence was introduced by Chinh and Nhan [4] which is an extension of the well-known notion of filter regular sequence introduced by Schenzel, Trung, and Cuong [10] . First we give some standard properties of these sequences basically, by a different method from [4] . Most of the properties are familiar results for the cases k = −1, k = 0, and k = 1, cf. [5] , [10] , [1] , and [3] . In the local case, it is shown, ( [8] , Lemma 3.4) , that the local cohomology with respect to the maximal ideal of R is concerned with the local cohomology with respect to an ideal generated by any filter regular sequence. In a Noetherian ring (not necessary local), we prove (in Theorem 3.2), that for a k-regular Msequence in I, say a 1 , . . . , a n , if ( Supp(M/(a 1 , . . . , a n )M ) ∖ V (I) ) ≤k = ∅, then H i I (M ) ∼ = H i (a1,a2,...,an) (M ) for all i < n. In Section 4, we show that for any k-regular sequence a 1 , . . . , a n the dimension of homology modules of the Koszul complex with respect to a 1 , . . . , a n is at most k. In local case and k = 0, i.e., if a 1 , . . . , a n is a filter regular sequence it is well-known that the homology modules of the correspondence Koszul complex has finite length, cf. Corollary 4.3. Filter regular sequences have been studied in [4] and [7] , and for non-local ring in [1] . Next, in Section 5, we introduce the concept of k-modules as a generalization of f-modules introduced by P. Schenzel, N. V. Trung, and N. T. Cuong [10] . Then we give some characterizations for k-modules in Proposition 5.2, and as a consequence of it, we conclude that kCohen Macaulay modules which is introduced in [2] , are the same as k-modules under a dimensional equation, cf. Corollary 5.3. Another application of k-depth is shown in Theorem 5.4, which gives a necessary and sufficient condition for kmodules in terms of prime ideals. At the end we show that if M is a k-module,
In cases k = −1 or k = 0 (i.e., when M is C.M. or f-module), this is the well-known equality in commutative ring theory.
Preliminaries
In this section we remind the concept of k-regular M -sequence and their properties. For more details, the reader is referred to [2] . For a subset T of Spec(R) and an integer i ≥ −1, we set
Remarks 2.1. (i) It is easy to see that for a given finitely generated R-module M , an ideal I of R with ( Supp(M/IM ) ) >k = ∅ and any positive integer n, we can find n elements of I which form a poor k-regular M -sequence.
(ii) Every regular (filter regular, generalized regular, resp.) M -sequence is a k-regular M -sequence for all k ≥ −1 (k ≥ 0, k ≥ 1, resp.) (Generalized regular sequences have been studied in [9] ).
The following theorem gives a useful necessary and sufficient condition for a poor k-regular sequence. A nice application of this theorem is a characterization of filter regular sequences by length of a quotient module, cf. Corollary 4.4. 
As . . , a n be a k-regular M -sequence contained in I. Then we say that a 1 , . . . , a n is a maximal k-regular M -sequence contained in I if there is not a n+1 ∈ I such that a 1 , . . . , a n , a n+1 is a k-regular M -sequence.
(ii) There exists a k-regular M -sequence contained in I, and each k-regular M -sequence contained in I can be extended to a maximal k-regular M -sequence (by Lemma 2.4) (Note that an empty sequence is considered a k-regular Msequence of length 0).
Definition.
Let I be an ideal of R with (Supp(M/IM )) >k ̸ = ∅. Then we denote the length of any maximal k-regular M -sequence contained in I by k-depth(I, M ).
In the following we generalize the notion of height.
Definition. Let I be an ideal of R with (Supp(M/IM )) >k ̸ = ∅. The k-height of I with respect to M is defined by
For an ideal I of R with (Supp(M/IM )) >k = ∅, we set k-ht M I = ∞. In the case k = −1, the notion of k-ht M I is the same as ht M I, the height of ideal I with respect to M .
The following theorem is a generalization of ( [6] , Theorem 17.4) when we put k = −1.
. . , a n /1). On the other hand, since by Theorem 2.3, a 1 /1, . . . , a n /1 is a regular M p -sequence, we have
by ([6] , Theorem 17.4). Therefore, the assertion follows. □
By the above theorem, we get a relation between k-depth and k-ht as follows.
Theorem 2.11 ([2], Remark 4.2(i)). Let I be an ideal of R, with
(Supp(M/IM )) >k ̸ = ∅. Then k-depth(I, M )≤k-ht M I.
Definition. Let M be a finitely generated R-module. M is called a k-CohenMacaulay module, and denoted by
k-C.M., if either k-depth(I, M )=k-ht M I for all ideal I of R with (Supp(M/IM )) >k ̸ = ∅ or (Supp(M )) >k = ∅.
Theorem 2.12 ([2], Theorem 4.4). Let M be a finitely generated R-module. Then M is a k-C.M. if and only if M p is Cohen-Macaulay for all
p ∈ (Supp(M )) >k .
k-regular sequences and local cohomology modules
In this section, in a Noetherian ring, not necessary local, we give an expression of local cohomology with respect to any k-regular sequence. If (R, m) is a local ring, it is the result of ( [8] , Lemma 3.4), which shows that the local cohomology with respect to m is isomorphic to the local cohomology with respect to any filter regular sequence in m. To prove the main theorem we need the following lemma.
Lemma 3.1. Let I be an ideal of R, M be a finitely generated R-module and n be a non-negative integer. Let
we get the following long exact sequences
We use induction on n. Let n = 0. We have
Let n = 1. By assumption, Γ x (M ) = 0. Thus since E is an essential extension of M and Γ x (E) ∩ M = 0, we get Γ x (E) = 0 (and so Γ I (E) = 0). Therefore
. Also Γ I (E) = 0 implies that Hom R (R/I, E) = 0 and by using (2) we get
) .
Now, suppose that n > 1 and for any finitely generated R-module N , such that H i x (N ) = 0 for all i < n − 1, we have
. Now, by using (2), (3), and (4), we get
as required. □ Now, by using above lemma, we obtain one of the main results of this paper as follows.
Theorem 3.2. Let I be an ideal of R and a
be a minimal injective resolution for M . For all i ∈ N 0 we have
Next, we have
−→ E(R/q) is an automorphism. We show that Γ I (E(R/q)) = 0. Let y ∈ Γ I (E(R/q)). Then, since x ∈ I, x t y = 0 for some t ∈ N. Thus y = 0, and so Γ I (E(R/q)) = 0. Now, Let q ⊇ I. Let y ∈ E(R/q). Then I t y = 0 for some t ∈ N. Hence Γ I (E(R/q)) = E(R/q). Therefore, we have
for all i < n. Similarly, for the ideal (a 1 , . . . , a n ) we get
for all i < n. It therefore follows that
and so the assertion immediately follows. □
k-regular sequences and Koszul complexes
In this section, we obtain a result which shows that dimension of homology modules of the Koszul complex with respect to any k-regular M -sequence is less than or equal to k. In particular case, when R is local, the length of such homology modules with respect to any filter regular sequence is finite. For any x 1 , . . . , x n ∈ R, i-th homology module of the Koszul complex K . (x 1 , . . . , x n ; M ) of M with respect to x 1 , . . . , x n is denoted by H i (x 1 , . . . , x n ; M ). Let a 1 , . . . , a n be a k-regular M -sequence. Then, for all i > 0, dim (H i (a 1 , . . . , a n ; M )) ≤ k.
Proof. We use induction on n. Let n = 1. Since
and, by Theorem 2.2, dim(0 : M a 1 ) ≤ k, we have dim (H 1 (a 1 ; M ) ) ≤ k (Note that for all i ≥ 2, H i (a 1 ; M ) = 0). Now, suppose that n > 1 and the assertion is true for all k-regular Msequences with length of less than n. Considering the following long exact sequence
. . , a n ; M ) −→ 0 and using the inductive hypothesis, for all i > 1, we get dim(H i−1 (a 1 , . . . , a n−1 ; M )) ≤ k, (H i (a 1 , . . . , a n ; M )) ≤ k for all i > 1.
Next, let i = 1 and again consider the above exact sequence. Since a n is a k-regular M/(a 1 , . . . , a n−1 )M -sequence, by Theorem 2.2,
Also by inductive hypothesis dim (H 1 (a 1 , . . . , a n−1 ; M )) ≤ k. On the other hand H 0 (a 1 , . . . , a n−1 ; M ) = M/(a 1 , . . . , a n−1 )M . Hence we obtain dim (H 1 (a 1 , . . . , a n ; M )) ≤ k and the theorem is proved by induction. Then a 1 , . . . , a n ∈ m is a poor filter regular M -sequence if and only if
for all i = 1, . . . , n.
k-modules
In this section we generalize the concept of f-modules introduced by P. Schenzel, N. V. Trung, and N. T. Cuong in [10] as a generalization of Cohen-Macaulay modules. In this section, all rings are local.
Definition. Let (R, m) be a local ring. A finitely generated R-module M is called a k-module if every system of parameters for M is a poor k-regular M -sequence. (ii) In the case k = 0, 0-modules are the same as f-modules. Now, we give some characterizations of k-modules as follows. /(a 1 , . . . , a r )M ) )
Therefore, there is a ∈ p such that a ̸ ∈ q for all q ∈ ( Ass (M/(a 1 , . . . , a r )M ) )
Thus we can find t elements, say b 1 , . . . , b t in m such that their residues modulo (a 1 , . . . , a r , a) form a subset of a system of parameters for M . Therefore, we have d = dimM ≤ t + r + 1 and so
Suppose that dimM/(a 1 , . . . , a r , a) (a 1 , . . . , a r , a) M )
which is a contradiction. Therefore dimM/(a 1 , . . . , a r )M = d − (r + 1), and so a 1 , . . . , a r , a is a subset of system of parameters for M . Now, since M is a k-module, a 1 , . . . , a r , a is a poor k-regular M -sequence which contradicts a ∈ p.
(ii)⇒(iii): Let¯: R −→ R/AnnM be the natural homomorphism and p ∈ (Supp(M )) >k . SetR = R/AnnM,p = p/AnnM . Let htRp = r. Then there existā 1 , . . . ,ā r ∈p such thatp is a minimal prime ideal of (ā 1 , . . . ,ā r ) and ht(ā 1 , . . . ,ā r ) = r. Thus
Therefore dimR/(ā 1 , . . . ,ā r ) = dimR − r, and soā 1 , . . . ,ā r is a subset of a system of parameters forR. Hence a 1 , . . . , a r is a subset of a system of parameters for M . On the other hand, p ∈ Supp(M ) is a minimal prime ideal of (a 1 , . . . , a r ); hence p ∈ Ass ( M/(a 1 , . . . , a r )M ) . Therefore, by hypothesis
and so by hypothesis, dimR/q = d − (i − 1).
We use induction on r. If r = 0, there is nothing to prove, since for all p ∈ (Ass(M )) >k , dimM p =ht M p = 0. Suppose that r > 0 and the result has been proved for all non-negative integers less than r. Let a 1 , . . . , a r be a subset of a system of parameters for M and p ∈ (
which is a contradiction. Now, since
we conclude that a 1 /1, . . . , a r /1 is a maximal regular M p -sequence. Thus depthM p = r which is a contradiction.
(ii)⇒(i): Let a 1 , . . . , a r be a subset of system of parameters for M . Let
which is a contradiction. □
As an immediate consequence of Proposition 5.2 and Theorem 2.12, we have the following result. 
In the following, we give another characterization for k-modules by the notion of k-depth. M (a 1 , . . . , a r ) )=d−r.
Theorem 5.4. Let (R, m) be a local ring and M be a finitely generated Rmodule. Then M is a k-module if and only if for all
Hence 
